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Abstract. The half-infinite XXZ open spin chain with general integrable boundary conditions is considered within 
the recently developed 'Onsager's approach'. Inspired by the finite size case, the transfer matrix is simply expressed in 
terms of the elements of a new type of current algebra recently introduced. In the massive regime — 1 < q < 0, level 
one infinite dimensional representation (q— vertex operators) of the new current algebra are used in order to diagonalize 
the transfer matrix. For diagonal boundary conditions, known results of Jimbo et al. are recovered. The solution for 
upper (or lower) non-diagonal boundary conditions is also described. In both cases, vacuum and excited states are 
formulated within the representation theory of the current algebra. Finally, for q generic the long standing question 
of the hidden non-Abelian symmetry of the Hamiltonian is solved: it is either associated with the q— Onsager algebra 
(generic non-diagonal case) or the augmented q— Onsager algebra (generic diagonal case). 
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1. Introduction 

Inspired by Onsager's strategy for the solution of the two-dimensional Ising model |Onsj and later works on the 
superintegrable chiral Potts model |vGRl IPeAMTl IDav] . as well as the conformal field theory program |KBPZj . a 
new approach to the study of quantum integrable systems has been initiated in jBasl) IBas2( IBKlj . It is based on 
the explicit formulation of mutally commuting conserved quantities - for instance the Hamiltonian - in terms of the 
elements of a non-Abelian infinite dimensional algebra. In these works, the non-Abelian algebra considered was the 
so-called q— Onsager algebra which Abelian subalgcbra generates the so-called g—Dolan- Grady hierarchy. Actually, 
these objects were exhibited by considering in details the structure of Sklyanin's operator that appears in the standard 
formulation of models with boundarie^] |Skj . In this framework, finding a solution of a specific model then relies on 
a detailed analysis of the finite or infinite dimensional representations involved. In [BK1| IBK2[ IBK3] , this approach 
was considered in details for the finite XXZ open spin chain with generic integrable boundary conditions, in which 
case known result^ were interpretated within the representation theory of the q— Onsager algebra. There, the spectral 
problem of the Hamiltonian was studied using certain properties of the q— Onsager algebra, especially those related 
with the concept of tridiagonal pairs |Ter2j . Note, however, that some other properties exhibited in |BKlj - namely 
the existence of Davies's type of linear relations used to solve the Ising and superintegrable Potts models jDav] - have 
not been explored yet. Also, the special case of diagonal boundary conditions was not considered within Onsager's 
approach. 

Besides above observations that there is still much room to be explored in the finite size case, it is tempting to 
study in details the thermodynamic limit of lattice models - for instance the XXZ open spin chain - from this new 
angle. Several experiences motivate to consider this problem further: First, much is known for the special case of the 
half-infinite XXZ spin chain with diagonal boundary conditions: the spectral problem and the calculation of correlation 
functions have been studied in details either within the vertex operator approach in [JKKKM or the algebraic Bcthc 
ansatz approach in KKMNST . Then, known results can serve as a straightforward check of the ones that may be 
obtained within the new approach. Secondly, nothing is known about the correlation functions of local operators in 
the model with a non-diagonal boundary. Indeed, the algebraic Bethe ansatz approach suffer from various technical 
difficulties. As we will see here, the construction of vacuum vectors for — I < q < using the representation theory of 
the current algebra in this case is reduced to a well-defined problem. Third, we expect that the Onsager's formulation 



^This does not imply that the approach solely applies to models with boundaries: for q = 1, the Ising IQnsI and superintegrable chiral 
Potts models IPeA MT Dav, vGR arc explicit counterexamples of this idea (see also lArl IASI ). 

2 For instance, the linear relations between the left and right boundary parameters that arise in the Bethe ansatz approach in order to 
construct a suitable reference state or in the diagonalization of the Q— Baxter operator bXXZ, MMR BCRS . 
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exhibits some remarkable properties for special choice of the boundary parameters, for instance the ones corresponding 
to the thermodynamic limit of the t/ 9 (sZ2)-symmetric XXZ spin chain jPSj . 

Having explained the main motivations, the purpose of this paper is to give first insights on the Onsager's approach 
in the thermodynamic limit of lattice models as well as practical applications. In particular, a detailed analysis on 
the exact solution - spectrum and eigenstates - of the half-infinite XXZ open spin chain with diagonal boundary 
conditions as well as upper (or lower) non-diagonal boundary conditions within the Onsager's approach is presented. 
Before starting, let us make a few comments on some mathematical aspects that are involved in the process. Indeed, 
it is important to recall that an Onsager's formulation of the half-infinite XXZ open spin chain previously requires 
to identify and study the underlying current algebra which first modes generate the so-called q— Onsager algebra 
or augmented q— Onsager algebra (see Section 2,3). In this direction, essential steps were bypassed in }BSh| IBB2j . 
In |BShj . a new type of current algebra was proposed which generates the spectrum generating algebra associated 
with the XXZ open spin chain. In [BB2], a realization of the currents in terms of operators satisfying a Faddeev- 
Zamomodchikov algebra was obtained, offering a straightforward bosonization scheme for the currents for — 1 < q < 0. 
Although recalled in the present paper, we refer the reader to these works for details. 

This paper is organized as follows: In Section 2, the Onsager's presentation of the finite size XXZ open chain is 
described in details: the transfer matrix is explicitly written in terms of the elements of a spectrum generating algebra 
associated either with diagonal or non-diagonal boundary conditions. In particular, the case of diagonal boundary 
conditions here presented completes the formulation of |BK3| . Elements of the spectrum generating algebras are 
explicitely reported in Appendix A, which first ones are shown to generate the q— Onsager and augmented q— Onsager 
algebra according to the choice of boundary conditions. In Section 3, the thermodynamic limit of the model is 
considered: the transfer matrix of the half-infinite XXZ open spin chain is simply expressed in terms of O q {sl2) 
currents for q generic. By analogy with Section 2, the properties of the first modes are considered in relation with two 
different coideal subalgebras of U q (sl2)- Based on these, for — 1 < q < level one infinite dimensional representations 
of O q {sl2) are proposed in Section 4, where explicit expressions for the currents in terms of U q (sl2) q— vertex operators 
independently confirm the proposal of |BB2| . In Section 5, by analogy with the strategy applied in [BK3j the spectral 
problem for two of the O q (sl2) currents is considered. Using this result, the diagonalization of the transfer matrix 
is considered in details: for the case of diagonal boundary conditions, known results of Jimbo et al. |JKKKM] are 
interpreted in light of the representation theory of the O q {sl2) current algebra. Then, the case of upper (or lower) 
non-diagonal boundary conditions is studied: whereas the spectrum is identical to the one for the diagonal case, the 
eigenstates are written as an infinite sum. Few comments are added in the last Section. For instance, it is shown that 
the q— Onsager algebra or augmented q— Onsager algebra emerge as the non-Abelian symmetry of the thermodynamic 
limit of the XXZ open spin chain depending on the boundary conditions. Although the existence of an infinite 
dimensional non-Abelian symmetry was definitely expected for both types of boundary conditions, here this issue is 
clarified. Also, we point out some interesting phenomena for the special boundary conditions chosen in jPSj . 

Notation . In this paper, we introduce the q— commutator [JT, Y"] = qXY — q~ 1 YX where q is the deformation 
parameter, assumed not to be a root of unity. 



The finite size XXZ open spin chain with general integrable boundary conditions is the subject of numerous in- 
vestigations in recent years. Starting from Sklyanin's work [Skj for the special case of diagonal boundary conditions, 
it has been later on studied for generic or special (left-right related) boundary conditions and q (root of unity) 
[bXX Z , BCRSl [Gal| IN]. For general integrable boundary conditions and q, its Hamiltonian is given by: 



2. Alternative presentations of the finite XXZ open spin chain 
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where 01,2,3 and a± = (g\ ± ia 2 )/2 are usual Pauli matrices. Here, A = (q + q 1 )/2 denotes the anisotropy 
parameter. Restricting the parameters to special values or certain relations, one obtains the cases considered in 
|ABBBQ[ EH IPSl IbXXZl fNRGPl [Pol IKKMNSTI IBCRS] . 

In the literature, the most standard presentation of the XXZ open spin chain is based on a generalization of 
the quantum inverse problem to integrable systems with boundaries. In this approach, starting from an R— matrix 
acting on a finite dimensional representation, Hamiltonians of quantum integrable models are basically generated from 
solutions K_{(), K + {() of the reflection and dual reflection equations, respectively |Skj . In this standard presentation, 
the transfer matrix associated with the XXZ open spin chain can be written as: 



(2.2) fW(C) = ■ ' *\ ^ tr K + (OR oN (Q ■ ■ ■ R ol (0^.(0^,1(0 • • • ^oN(C)] 



(C 2 + C" 2 - q 2 - q- 2 ) N 



(2.3) R(() 



(2.4) K_(0 



(2.5) K+(C) 



where tr$ denotes the trace over the two-dimensional auxiliary space, 

/ (q-C^q^ 1 00 

Q-Q- 1 q-q- 1 

q-q' 1 C-C" 1 

\ (q-C^q- 1 

and the most general element^ K±{Q with c— number entries take the form 

Ce+ + r X e- k + (e-C 2 )/{q-q- 1 ) 
k^e-C^/iq-q- 1 ) (e-+C 1 e + 

q(e+ + q-'C'e- k + (q 2 Q 2 - q- 2 C 2 )/{q - T 1 ) 

k-(q 2 e - q- 2 C 2 )/(q - T 1 ) q&- + rt^-f 



In this formulation, the Hamiltonian of the XXZ open spin chain with general integrable boundary conditions (|2.ip is 
obtained as followtQ: 

(2-6) >(* W (C))lc=i = r^-T^z + + r^nA)#) . 

d( {q-q L ) \{q + q L ) {q-q ) ' 

More generally, higher mutually commuting local conserved quantities, say H n with Hi = n'xxz^ can be derived 
similarly by taking higher derivatives of the transfer matrix (|2.7j) . 

An alternative presentation of the XXZ open spin chain has been proposed in |BK2j . It is inspired by the strategy 
developed by Onsager for the two-dimensional Ising model jOnsj . later works on the superintegrable chiral Potts 
and XY models [vGRl IPeAMTl IDavl lAT] (see also [XS|) and the vertex operators approach [DFJMNi IJKKKM1 iKo] : 
starting from the spectrum generating algebra or hidden non-Abelian algebra symmetry of a quantum integrable 
model, one is looking for the solution of the model solely using the representation theory of this algebra. In particular, 
such type of approach applies to the XXZ open spin chain which integrability condition can be associated with a 
q— deformed analog of the Onsager algebra for generic boundary conditions [BK2j : it was shown that the transfer 
matrix can be written in terms of mutually commuting quantities I^fc+i that generate a q— deformed analog of the 
Onsager-Dolan-Grady's hierarchjQ. Namely, 

N-l 

(2-7) C- S en(C) = £ -TWO 42i + ^o(0 * W with [l^AZ] = 

fc=0 

for all k, I e 0, N — 1 where 



3 Notc that K+{Q = -i^M-rV 1 )!^^;^-^. 

^The identity operator acting on N sites is denoted E^ N ^ = tt (g> ■ ■ ■ (g> E . 

^The Onsager's (also called Dolan-Grady) hierarchy is an Abelian algebra with elements of the form Izn+l = £+{A n + A_ n ) + 
-(A n -|_i + A— n+l) + K-G n +i with n £ generated from the Onsager algebra with defining relations [A n , A m ~\ = 4G n — m> [G m , -An] = 



2A n j rm — 2A n - m and [G n , Gm] = for any n, m g 
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and J-2fc+i(C) are Laurent polynomials (see }BK2j for details). Note that the parameters e± of the right bound- 
ary - which do not appear explicitely in above formula - are actually hidden in the definition of the elements 
W_ k , Wj^j , Gj^\ , Gk+i wmcn explicit expressions are recalled in Appendix A. 

Remark 1. Another Onsager's presentation can be alternatively considered , in which case the elements of the spectrum 
generating algebra contain the parameters e±,k± of the left boundary. In this case, one substitutes in \2. 

(2.9) X\ k l x l 2k+1 where l 2k+1 = e+W k+1 + £-W_ fe + g2 - g _ 2 \^S k+1 + jT^+i 
The functions J r 2fc+i(C)) -^oiC) can be derived following |BK2| . Here, the elements are given by: 

W2? = Mwffi)^^ - k± , will = n N (w^)\ e± ^ k ^ , ± , 

Sfe+i = njv(^+l)| e± _,g ±;fe± ^. k ± , G k+1 = Hjv- | e± _^e ± ;fe ± ->- fe± i 

where the permutation operator IT/v(ai ® ct2 §5 ••• ® oat) = ajv <£> ■■• (8 &2 §5 ai is used. 

Having exhibited an Onsager's type of presentation (|2.7[) for the XXZ open spin chain with generic boundary 
conditions, a natural question is weither such presentation also exists for special boundary conditions that have been 
considered in the literature. Actually, for special right diagonal boundary conditions it is the case provided certain 
changes in the definition of the basic objects: Following the analysis of |BK2j . it is easy to show that the diagonal 
analog of the q— Dolan-Grady hierarchy is associated with an Abelian subalgebra generated by the elements J 2 i+\ 
such that 

(2.10) 4z = mi? + -jcw + ?i l =5 (lz<:» + - k+ mi) 

where the explicit expressions of IC^} , /CjS , Z^f\ , Z^f^ are reported in Appendix A. In this special case, the transfer 
matrix associated with the Hamiltonian (|2.1|) for k± = takes the form: 

AT-l 

(2.H) C_ diag (0 = £ ^t+ 9 i(C) J^l + rt 9 (0 z {N) with [j^,jZ\] - o . 

fc=0 

Remark 2. For special left diagonal (but right generic) boundary conditions, the transfer matrix tfcag-gen(0 can ^ e 
aternatively presented in terms of 

(2.12) J 2fc+1 = e+A: fc+1 + e-/C_ fc + g2 _ ^_ 2 + k+Z k+1 

where 

&-k = n Jv(^fc+i)|e±->-e ± , /Cfc+i = njv(/C^)| e± _».g ± , 

As a consequence, the transfer matrix t^g-diag (0 l° r the special case of Ze/t and rzg/i£ diagonal boundary conditions 



- the simplest case studied in |Skj using the presentation (|2.2|) - admits an Onsager's type of presentation, where 
mutually commuting quantities are simply given by (|2.10[) with k± = or, alternatively, (|2.12[) with k± = 0. 

For each type of boundary conditions, let us now describe some basic aspects of the corresponding spectrum 
generating algebras. According to the choice of boundary conditions associated with the left and right side of the spin 
chain, two different types of spectrum generating algebras arise in Onsager's presentation of the XXZ open spin chain. 
For generic boundary conditions, it is the infinite dimensional algebra called A q which ensures the integrability of the 
model (|2.1j) . It has been studied in details in |BK1[ |B~K2] . where the elements W^) , W^+j , Gk+\ i Gk+i are known to 
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satisfy, in particular, the subset of relations (see also |BShj ) 

(2.13) [W ,W fe+1 ] = [W_ fcl Wi] = + * (G fc+1 - G fc+ i) , [W ,W_ fc ] = , [W 1; W fc+1 ] = , 

[W ,G fc+1 ] 9 = [G fc+1) W ] 9 =pW_ fe _ 1 - / 9W fe+1 , 
[Gk+i,Wi] q = [W^Gfc+J^pWfc+a-pW-k , 
provided the identification 

(2.14) P = ( g + crYM;- . 

Remarkably, according to the explicit expressions of the first elements for generic values of e± , k± , q, 

(2.15) W { N) = (k+a+ + k-a-) ® J (Ar - x) + <f 3 ® . Wo"' = e+ , 

W1 JV) = (k + a + + fc_<7_) ® J^" 1 ) + q-°° ® , Wj 0) = e_ , 

one observe^ [BK2j that „A q admits another presentation in terms of the so-called q— Onsager algebra with defining 
(q— Dolan-Grady) relations |Ter2j : 

(2.16) H N \H N \H N) M N) ] q ] q ^ = p[H N) M N) ], 

W fvuW fvi;W 1 1 - „rv»;W yyWl 



[^.^.[Wr.Wr],]^] = 4Wi 



Note that these relations are a special case of the defining relations of the tridiagonal algebras |Ter2| . 

By analogy, the defining relations of the infinite dimensional algebra A q hag satisfied by the elements , 4+1' 
Z^ 1 ^ , which ensures the integrability of the model (|2.1|) for right diagonal boundary conditions can be studied 

along the same line using the technique considered in |BK1[ IBK2] . Obviously, they can be directly obtained from the 
results of BK2] for the special case k± = 0. Similarly to the case of generic boundary conditions, for our purpose it 
will be sufficient to focus on the set of relations satisfied by the first elements which explicit expressions are given by 
(see Appendix A): 

(2.17) JCW = g"*®*^- 15 , 4 0) =e + , 
!C{ N) = q-^Kf-^, 4 0) =e_, 

= I®Z^ + {q 2 -q- 2 )a^(lC^- 1) +^- l) ) , 

Z[ N) = I®z[ N - l H{q 2 -q- 2 )* + ® \K\?-V+K^) , 2™ = £<°> = . 

By straightforward calculations, for generic values of e±, q, the elements 4 , 4 ; z[ N \z\ N ^ are found to generate 
the augmented q— Onsager algebra with defining relations: 

(2.18) [IC^M* ] = 0, 

r {N) 7 {N) -2 7 (N) r {N) r {N) ?{N) _ 2 ?{N) r (N) 

K[ N) Z[ N) = fZ^K™ , ^'Zj^f 2 ^^, 

[z[ N \ [z[ N \ [f,flJ r J = ^^(JC^JCW - 4 v) 4 v) )*i JV) 1 

with 

(2.19) Wto . iiL^a&L^g . 

q-q 1 



''More generally, all higher elements can be written as polynomials in Wq N \ w[ N ' 1 |BB3| . For instance, = M (g) + (q 2 

g- 2 )fc_ CT _ « (w^" 1 ' +W[ N - 1) ) +k+k-{q-q- 1 )lW = [wj*°, V\#*V Similarly, one has flfW = [yy>W , \\>[ N) ] q . 
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Note that the augmented q— Onsager algebra is a special case of the augmented tridiagonal algebra jIT| . which finite 
dimensional representations for q not a root of unity have been classified in [IT] . 

Alternatively, the presentations (|2.9p and (|2.12[) may be considered: the analysis above and the definition of IIjv 

• r + w ^ i + vwW vwW 7 {N) a TrW F^ ~5 {N) 

implies that the elements W_ k ,W k+1 ,g k+1 ,y k+1 and K._ k ,JC k+1 ,Z k+1 ,Z k+1 

respectively. In particular, the elements: 



generate the algebras A q and Aq lag , 



(2.20) 



(AT) 



w[ N) 



satisfy the g— Onsager algebra relations (|2.16p with p = (q ^ 

On the other hand, the elements: 

/ 0011 T-W ^(JV-i) ^ _ CT3 F (0) _ 

(2.21) A, = K, ®q 3 , /C = e_ , 



(JV-l) 

-wr i] 



w< 0) = 
wi 0) = 



F (JV) 


= ^0 


1} ( 




F (JV) 
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= % 


1} < 


E> (f 3 , 


^■i 


= *r 


1} 


8> J + 


^i 


= z 1 


i) 


8)1 + 



F (0) 



F (JV-1) 



(<T-9 



(7+ 



(iV-1) 



~(0) 

£-1 



satisfy the augmented q— Onsager algebra with relations (|2.18[) and (|2.19l) . 



To resume, recall that the explicit relation between Sklyanin's presentation (|2.2j) jSkj and Onsagcr's type of pre- 
sentation (|2.7p of the XXZ open spin chain with generic boundary conditions has been described in details in |BK2j 
(sec also [BK1 ). Above results for the special case of right diagonal, left diagonal or right and left diagonal boundary 
conditions complete the correspondence. They are collected in the following table, where the set of integrals of motions 
(IMs) are specified according to the presentation chosen: 



open XXZ chain 


Spectrum gen. algebra 


IMs (1st presentation) 


IMs (2nd presentation) 


right-left generic bcs. 


A q — s- q— Onsager 


" L 2fe+1 


- L 2k+l 


right diag. bcs. k± = 


Ag tag — > aug. q— Onsager 
or A q — > g—Onsager 


J 2k+l 


X 2fe+llfc±=0 


left diag. bcs. k± = 


A q — > q— Onsager 
or A q hag — > aug. q— Onsager 


7+v) , 

- L 2fe+llfc±=0 


J 2k+l 


right-left diag. bcs. k± = k± = 


Ag 9 — > aug. g—Onsager 


7 W 1 _ 
J 2k+l lfc±=0 


J 2fc+l |fc ± =0 



Note that the spectrum of the XXZ open spin chain Hamiltonian (|2.1j) with right diagonal boundary conditions 
(k± = 0) and left diagonal boundary (k± = 0) conditions may be considered using the properties either of A q or A d q %aa . 
Also, it is important to stress that the list of cases presented above is not exhaustive: for instance, one may consider 
the set of diagonal boundary conditions k± — k± = 0, e + ^ 0, e_ ^ and e_ = e + = discussed in |ABBBQ"} IPS] . In 
this special case, let us remark that the defining relations satisfied by the fundamental elements of the corresponding 
'larger' spectrum generating algebra can be derived in a straightforward manner (see a related work [R]). As we will 
discussed in the last Section, in the thermodynamic limit the diagonalization of the q— Dolan-Grady hierarchy in this 
special case exhibits interesting features. 



3. Onsager's presentation: the thermodynamic limit 

The half-infinite XXZ open spin chain with an integrable boundary can be considered as the thermodynamic limit 
N — > oo of the finite XXZ open spin chain (|2.1j) . Consider the Hamiltonian: 



(3.1) H ixxz 



-Y 

k=l 



fc 



r k+lk 



Ad 



k+lk 



{q-q- 1 )^-^) 
4(e + + e_) ' 



1 



(e++e_) 



(k + a\ + k_o\ 
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Note that the normalization in front of the Hamiltonian has been changed compared with (|2.1j) . to fit later on 
with the definitions of [JKKKMW for the special case of diagonal boundary conditions k± = 0. By definition, the 
Hamiltonian formally acts on an infinite dimensional vector space V which can be written as an infinite tensor product 
of 2— dimensional C 2 vector space. According to the ordering of the tensor components in (|3.1|) . 

(3.2) V = • • • (8 C 2 ® C 2 ® C 2 . 

A transfer matrix associated with the Hamiltonian fl3.1[) can be proposed by analogy with the expressions (|2.7p . 
(|2.11[) derived for the finite size case. As we are going to explain, it can be written in terms of the elements of the 
current algebra associated with A q and A d q lag . First, recall that the defining relations associated with A q can be 
derived from the current algebra that has been introduced in [ |BSh| . Definition 2.2]. With minor changes, the defining 
relations associated with Ag™ 9 can be obtained similarly. Actually, both sets of defining relations can be extracted 

from the same current algebra - denoted O q {sl2) - using two different homomorphisms (mode expansion) given below. 
To show this, following |BShj define the formal variables U(Q = (q(, 2 + q~ l (,~ 2 )/{q + q^ 1 )- Let us introduce the 
current algebra O q (sl2) with defining relations: 

(3.3) [W±(C) J W±(0]=0 1 

(3.4) [W+(0,W_(0] + [W_(C),W + (0] - , 

(U(Q - ff(0)[w±(0, vmo] = ^~fr )3 (z±(C)Zt(0 - z±m^Q) 

(3.5) w ± (C)w ± (0 - w T (C)w T (0 + (g2 _ g - 2) 1 (g + g - 1)2 [^±(0,^(0] 

+ l u£)-u{t) ( w *(0w T (fl - w±(0w T (0) = o , 
u(0[z T (0,w±(0] q - u(0[z T (c),w ± (0] g -(q- g - 1 )(w T (C)z T (0 - w T (0z T (0) = o , 
tf(0[vMC),iM0], - u(0[w T (0,z^o] q - (« - g" 1 )^ (C)-z^(f) - w±(0-M0) = o , 

(3.6) [2 e (C),W±(0] + [W±(C),-Z £ (0] =0, Ve = ±, 

(3.7) [2 ± (C),Z±(0] =0, 

(3.8) [Z + (C),Z_(0] + [Z_(C),Z + (0] = . 

The homomorphism proposed in [ |BShj . Theorem 2] gives the explicit relation between the O q {sl2) current algebra 
with defining relations (|3.3|) - (|3.8[) and the defining relations of A q [ |BShj . Definition 3.1]. Namely, for k± ^ one 
considers: 



(3.9) W+(C) ^ W_ fe C/(C)- fc - 1 , W_(C)^ ^ W fc+1 (7(C)- 

fcez + 



fc-1 



-1\2 



r 

fc_ ^— ' R+1 vs/ ' (q — q 



Z -(0 IT E G fe+ it/(C) 



-fe-i 



k-(q + q 



-1\2 



By analogjQ, the defining relations of _4* aff follow from (|3.3|l - (|3.8|l by considering instead the homomorphism: 

(3.io) w+(o -> e K -/ C ^(0" ft " 1 . w_(o -> E K fc+i c/ (0" fc_1 , 

z + (0 -> E z^c/CC)"^ 1 , 2L(c)-> E ^^(C)-"" 1 • 

fcez + fcez + 



^Recall that the relations satisfied by the elements of Aq Xag follow from the ones satisfied by the elements of A q by setting k± = 0. 
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Note that according to the results of the previous Section, another homomorphism may be alternatively considered. 
It is given by W±(C) ~^ W±(C), Z±{Q —> <Z±(C) with the following substitutions in the r.h.s of the mode expansions 
(133)) and (prrU)) . respectively: 

W_ fc W_ fc , Wfc+i -> W fe+ i , G fe+ i G fe+ i , G k+1 G fc+ i , fc± ->• k T 

K_fe — > K_A; , Kfc+i — > Kfe + i , Zfc + i — > Zfc + i , Zfc + i — > Zfc + i . 

Now, a generating function for all mutually commuting quantities can be built in terms of O q (sl2) currents that 
act on V. Inspired by (pH)]) and (|2~T2"|) . we define@: 

(3.11) 1(C) = e+W-i-C'q- 1 ) + e-W+C-rV 1 ) + 2 1 _ 2 (k-Z-i-C'q- 1 ) + k+Z+(-C 'q' 1 )) . 

q z — q z 



The transfer matrix associated with the half-infinite XXZ spin chain (|3.1j) can now be constructed in terms of 
O q (sl2) currents acting on V, inspired by the Onsager's presentation of the finite chain described in the previous 
Section. By analogy with (|2.7[) . (|2.11[) together with (|2.6p and using above quantities, in the following Sections we will 
consider: 

(3-12) ^ V) (C)= g (C2 ~ c C ) " 2) X (V) (C) and |* (V) (C)lc=i = ~J^f\XX Z 

where the index (V) refers to the space on which the currents act and the function p(£) is chosen such that 

t m i0=t m { _ c -i q -i h t cv) (c)t (v) (r i ) = ldj t (v) (c)k=1=id . 

In the case of the infinite XXZ spin chain, recall that the fundamental operators exhibited in |FM[ [Jrl IDFJMN] are 
identified with Chevalley elements of U q (sl2) acting on an infinite tensor product of two-dimensional vector spaces, 
thanks to the coproduct structure. For the half-infinite XXZ spin chain (|3.ip . the fundamental generators of A q and 
j\dzag can k e written as linear combinations of Chevalley elements of U q (sl2) acting on V, as we are going to show. 

We start by considering the fundamental generators of A q . Recall that the explicit expressions (|2.15|) hold for any 
N . In the thermodynamic limit N — > oo, one has: 

oo 

(3.13) = (- qa3 ® q<73 ® ( fc + g + + k-v-)® 11 ® - ® J ) + e + (■■■®q' 73 ®<f 3 ) , 

3 = 1 ^~ 



sitej 



w (oo) = ^ (... g"«S ? -"S ff+ + L(T_) 01 8 ... J) 
3 = 1 " 



q-* 3 ® q- a3 ] 



sitej 

Following jBas2j , one realizes the elements Wo,Wi as linear combinations of Chevalley elements of U q (sl2)- Define 

(3.14) W = fc+ei + fc-q- 1 /!?' 11 + e+q hl , 

Wi = fc-e + k+q^foq' 10 + e^q h « 

which satisfy the denning relations of the q— Onsager algebra |Bas2| : 

(3.15) [Wo, [WoJWo.Wi]^,,] = p[W„,Wi] , 

[Wi^Wi.fWi.Wo],]^] = p[Wi,W ] 

with (|2.14p . The fundamental operators of the half- infinite XXZ open spin chain (|3.13p are recovered as follows. 
For the choice@ of U q (sl2) coproduct considered in |DFJMN] (see Appendix B), one introduces the coactioi{j]] map 



^Note that the defining relations l|3.3|l - H3.8| l are invariant under the substitution £ — > — 1 
^In |BK2| . a different coproduct is considered. 

■*""ln general, given a Hopf algebra H with comultiplication A and counit £, X is called a left H— comodule (coideal subalgebra of H) if 
there exists a coaction map 8 : T — > T-L ® I such that (right coaction maps are defined similarly) 

(A x id) o 8 = (id x 5) o 8 , (E x id) o 8 = id . 
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8 : A q — > U q (sl2) (8 A q defined by: 

(3.16) <y(W ) = (fc + e 1 + fc_ g - 1 / ig /ll )®l + 9 /l1 ®W , 

<y(Wi) = {k-e + k+q- 1 ^ ) g> 1 + g> Wi . 

Let $W = (id xS)o S^-V. Then, for TV -> oo it follows that <5 (7V )( w o) and <*W(Wi) act as (j3T3)) on V, respectively. 

Alternatively, let us mention that another realization may be considered, that will be useful later on. Namely, the 
elements 

(3.17) Wo = fc +9 - 1 e 1 q-' ll +fc_/ 1 +e_ g -' 11 , 

Wr = fc_<r 1 eo( r fe ° + k+fo + i+q- ho 

also satisfy (|3.15p with p = (q + g -1 ) 2 fc+fc_. In this case, for the choice of U q {sl2) coproduct (|6.15p the corresponding 
coaction map 5 : A q — > A q <2D U q (sl 2 ) is such that: 

(3.18) £(W ) = 1® {k+Q^eiq^ 1 +fc_/i)+W ® (? -' 11 , 

J(Wi) = l®(fc_g- 1 eo g -' lo +fc+/o)+Wi® ( r' 10 . 

We then turn to A d q ag ' . Using the explicit expressions (j2.17[) . in the thermodynamic limit N — > oo the fundamental 
generators take the form: 

(3.19) 4° 0) = e+(- ® q" 3 ® q" 3 ) , IC^ =e^(...®q- as ®q- as ) , 

OO OO 



= (g 2 -q" 2 )fe+^(...® J® cr_ <g> (f 3 <g> ... <8> g CT3 ) + e_^(...® 1® cr_ ® q~ 



Q 



3=1 T 3=1 7 . 



= (g 2 - q~ 2 ) (e+ (••• ® 1 ® cr+ (g) (f 3 <g> ... ® g CT3 ) + e_ ^ (... ® 1 (gi ct+ ® ^ CT3 ® ... ® q~^ 
3=1 V "~T""' i =1 



Using f|3 . 14[) . it is straightforward to extract a realization in terms of U q {sl?) elements: indeed, note that the fundamen- 

], and [Wt\w ( r ] ] q , 



tal operators 2^°°', J^ 00 - 1 can be derived from the q— commutators [14^°°^, Wq 00 ^ and [Wq 00 " 1 , Wj 00 ^, respectively, 



by setting k± = 0. The explicit expressions p,14j) then suggest to consider: 

(3.20) K = e + q h > , Kx = e^q h ° , 

Zi = (q 2 - q- 2 ){e + q- x e q^ + e^f iq h ^+ h «) , 
Zi - (q'-q-^ie-q-'e^+e+foq^) 
which, as one can check, satisfy an augmented q— Onsager algebra with defining relations: 

(3.21) [Ko.Ki] = 0, 

K Z! = g- 2 Z!Ko, K Zi=VZiK 0) 
KiZi = q 2 Z^i, KiZ x =eT 2 Z 1 K 1 , 

[Z l5 [Z^fZr.ZiJJ^] = p,«„ fl Zi(KiKi- KoKoJZi, 

[Zi,[Zi,[Zi,Zi]J,-i] = ^Z^KoKo-KiK^Zx 

with (|2.19p . The coaction map that is compatible with the coproduct of U q {sl2) here considered as well as the relations 
(j3~2"Tj) is such that: 

(3.22) <5(K ) = q hl ® K , <y(Ki) = q h ° ® Ki , 

5(Zi) = 9 ' ln+ ' 11 8> Zi + (g 2 - 9 - 2 )( (Z - 1 eo( ? ' 11 ® K + hq ha+hl g> Ki) , 

5(Z0 = 9 ' 10+ ' 11 <g> Zj + ( 9 2 - g - 2 )(/ g' 10+ ' 11 ® K + gT^ig* ® Kx) . 

For TV -> oo it is straightforward to check that 5 (W) (K ), (5 (w) (Ki), jW(Zi) and 6^(1^ act as (j^TTOj) on V, respec- 
tively. 



10 



P. BASEILHAC AND S. BELLIARD 



Once again, another realization of the fundamental generators of A q lag can be proposed. As one can check, the 
elements 

(3.23) K = e-<T' 11 , K x = e+q- h ° , 

Zi = (q 2 - q- 2 ){i + e iq - h »- h i + e_q~ l f^) , 

Zi = (q 2 -q- 2 ){e-e q- ha - hl +e + q-\f iq - h ) 
also satisfy the augmented q— Onsager algebra (|3.2ip and the appropriate coaction map is such that: 

(3.24) J(K ) = K ®«- hl , J(Kr) = Kr ® g- feo , 

5(2,) = Zi (8 g-' 10 -' 11 + (q 2 - q~ 2 )(Ki ® e 1(? -' i0 -' 11 + K ® <T 1 /o<T' 11 ) , 
= Zi gl g-' 1 "-' 11 + ( q 2 - g - 2 )(K ® e q- h °- hl + Kj g> <T 1 /i9~' 10 ) ■ 

Having identified U q (sl2) realizations of the fundamental generators of and „4* a9 , as well as left or right coaction 

maps which are compatible with the U q (sl2) coproduct (|6.15|) . we can turn to the construction of infinite dimensional 
representations that will be useful in solving (|3.1I) . 



4. The current algebra O q (sl 2 ) and q— vertex operators 

The purpose of this Section is to construct infinite dimensional representations of the current algebra (|3.3H3.8[) that 
will find applications in the massive regime — 1 < q < of the XXZ open spin chain. Besides, we will show that the 
(j- vertex operators of U q (sl2) are intertwiners of *4 g -niodules or „4* as -modules, giving an alternative support to the 

proposal of j JKKKM] . Let be the two-dimensional evaluation representation of U q (sl2) in the principal picture (see 
Appendix B) and consider first the realization f|3 . 14|) . Following jDF JMN] . type I and type II q- vertex operators can 
be introduced such that, respectively: 

X(C) : V -> V ® V c , 

X(C) : V -> V< ® V . 

According to the definition of the coaction map S that is compatible with the realization (|3 . 14[) . they satisfy (up to a 
scalar factor in the r.h.s): 

(4.1) Type I : x(C) ° a = (id X tt c ) [6(a)] o X (Q , 

Type II : x(C) ° « = K x «9 [<*(<*)] ° x(C) Va G .4, or .4* Q9 . 

Writting g-vertex operators in the forirO: 

X(0 = X+(C)®«++X-(C)8i«- , 

x(C) = «+«>x+(C) + «-®x"-(0 , 

two systems of equations follows from (|4.Ij) . Choosing a = Wo, Wi and using (|3.I6[) . the defining relations of type II 
q- vertex operators are given by: 

(4.2) Wox+(C) = rt+(0W - fc+Crt-(C) , 

Wox-(C) = 9X-(C)W -fc_r 1 gx + (0 , 
Wix+(0 = ffx+COWi-fe^r^-CC), 

Wrx-(C) = ^^-(OWi-fc-Cg-'x+CC) • 



n We set = ^ J j and V- = ( ° j 



THE HALF-INFINITE XXZ CHAIN IN ONSAGER'S APPROACH 



11 



For type I q- vertex operators, the relations (|4.1[) hold for independent values of k±,e±. After simplications, the 
corresponding equations reduce to: 

(4.3) e x+(C) = X+(C)eo , e lX+ (Q + (q hl X-(() = X+iO^i , 
eoX-(C)+C<Z fto X+(C) = X-(C)eo , e lX _(C) = X-(C>i , 
M ha X+{Q + <?CV°X-(C) = X+(()foq ho , /i« hl X+(0 = X+CO/i^ 1 , 
foq h "X-(0 = X-(Ofvq ho , hq hl X-{Q + <zC Y ll X+(C) = X-{Qhq hl , 
q ho X±(0 = ^±(0^° , q' ll X±(0 = q Tl X±(C)q hl , 

which can be equally written, using the coproduct (|6.15[) . as: 

(4.4) X (C)ox = (idxiv c )[A(x)] o X (C) for x e {e i} f iq h % q h <} . 

On the other hand, if we choose the second realization (|3.17l) of A q instead, a similar analysis can be done using 
the coaction map S. It leads to an alternative set of defining relations for type I and type II q— vertex operators. 

Remark 3. Type I q— vertex operators satisfy relations of the form {4- .3$ provided the substitutions: 

(4.5) x±(C) X±(C 1 ) , fc±->fc±, Wb->Wi, Wi^Wo. 

Type II q— vertex operators can be defined similarly. For generic values of k±,e± the defining relations simplify to: 

(4.6) x(C)°^ = ( H xid)[A(x)]ox(() for x G {e iq ~ hi , f i} q-' 1 '} . 

The same analysis applies to the fundamental generators of Aq lag . Using the realization (|3 . 20[) with coaction map 
S, two sets of equations arc obtained. For instance, according to the coaction map (|3.22p type II q— vertex operators 
arc defined by: 

(4-7) Kox±(C) = <Z Tl X±(C)K , 

KiX±(C) = rtiCOKi , 
ZiX+(C) - X+(C)Zi , 
ZiX-(C) - X-(C)Zi-(g 2 

Zix+(C) = x+(C)Zi-(<? 2 
Zix-(C) = x-(C)Zi . 

The defining relations of type I q— vertex operators reduce to (14.41) . 

Remark 4. Type I q— vertex operators satisfy relations of the form \4- provided the substitutions: 

(4.8) x±(C) -► X±(C _1 ) , K ->■ ACi , Ki ^ 7?o , Zi \ , ~Z X ^Z 1 . 

Type II q— vertex operators can be defined similarly, leading to \4 ■ 6[ l 

More generally, for a given realization and corresponding coaction map the defining relations generalizing (|4.2[) or 
(|4.7p or alternatively those associated with (j4.5[) or (|4.8[) - satisfied by the intertwiners for any element of A q or Aq 9 , 

respectively - can be obtained using the properties of the current algebra O q {sl2)- Two different types of coaction 
map that generalize cither 5 or 6 have to be considered to this end. Namely, with minor changes in the results^ of 
[ |BShj .Proposition 2.2], a left coaction map 5' : A q —> U q (sl%) <g) A q which preserves all defining relations (|3.3j) - (|3.8[) 
follows. By straightforward calculations, the relations generalizing (|4.2[) or (|4.7|) according to (|3.9I) and p.lOp follow 
from (|4.ip . Combining these, we eventually find that the q— vertex operators must satisfy: 



-^KCrt+COKo + CWOKi) , 
-^KC^xUOKi+rtxUOKo) , 



Starting from a solution of the reflection equation K(() in terms of the currents, it is known that R\2(C,/v)Ki (()Ri2 (C v ) is also a 
solution of the reflection equation. This property was used in BSh to define a coaction map 8' . 
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(4.9) W.(OX-(v) = ^u^SulvX? ( (g ' lt/(C) ~ U{V ^ VQ))X-(v)W-(C) + g i^x-HW + (C) 

" 9 ( g + g -i)" x+(t,)Z - (C) ) 

2-(0x-(«) = «(«c)«(-«r 1 3 _1 )(x-(«)-z-(o) 



- (q 2 - q- 2 )(v q- 1 U(Q - v' 1 q)x + {v)W-{Q 

- (q 2 - q- 2 ){v-\U{Q -vq-^x+^W+iO) ■ 

Changing W±(C) — ► W T (C) , Z±{Q — > %t(0 >X± ~~ * X^ m above formula, the action of each current on x+( v ) 
follows. Note that the prefactor in the r.h.s of (|4.9p comes from the definition of the R— matrix (|6.17[) with (|6.19l) . 
which automatically appears in the explicit form of the coaction. As one can check, expanding the currents according 
to ()3.9|) or p.lOj) the defining relations (|4.2|) or (|4.7|) . respectively, are exactly reproduced at the leading ordei0 in 

u(0- 



—i 



Remark 5. A right coaction map 5 : A q — > A q <2D U q {sl2) which preserves all defining relations i3.3p - [31fy can be 
considered instead. Type I q— vertex operators are defined accordingly, in which case the defining relations take the 
form {4-9ty provided the substitutions: 

(4.io) x±(C) -+ x±(C 1 ) , W±(C) -> W T (0 , z ± (0 -> z T (C) . 

Note that at the leading order in U(Q, one recovers the defining relations (|4.5|) . (j47 



The identification of the q— vertex operators associated with A q and A d q la9 is now straightforward. On one hand, we 

have observed that A q and A d q ag can be both interpreted as a left (resp. right) coideal subalgebra of U q (sl2) using the 
realizations (|3.14j) or (|3.20[) (resp. (|3.17[) or (|3.23[1 ). According to the choice of realization and corresponding coaction 
map, we have also identified the relations satisfied by type I and type II (/—vertex operators, namely (|4.2p . (|4.4[) . 
(|4.5|) . (j4.6j) . (|4.7|) . (|4.8|) and, more generally, the relations (|4.9|) and (|4. 10[) . In particular, the relations (|4.4|) . (|4.6p arc 
nothing but the defining relations of type I and type II ^-vertex operators of U q (sl2). Then, let V(Aj), i = 0, 1, denote 
the integrable highest weight level on^3 modules of U q (sl2)- Recall that type I and type II g-vertex operators act as: 

Type I : ^"^(C) : V(Ai) ^(Ai_<) ® V c , 

Type 1/ : S^ 1 "^ (£) : 1/(A 2 ) -»• V c (g) V(Ai_i) 

and the g-vertex operators can be written in the form |DFJMN] 

$(i-m)(C) = ^-'• i \o®v + + $v- i ' i \o®v- , 
^* (1 ~ M) (C) - » + ®^ (1 ~ <,, ' ) (0 + «-®** {1 ~ i,<) (0 ■ 

Using the explicit realizations (|3 . 14[) or (|3.20|) or, alternatively (|3.17[) or (|3 . 23[> . it is straightforward to check that the 
following maps 

(4.ii) x(0->* (1_M) (0 *(0->** (1_M) (0 fOTan y ^Q' 1 



^Note that k(v£)k(— vC 1 Q 1 ) is invariant under the substition f 
14 At level one, note that q h o+ h i _ „ 
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provide explicit realizations of type I and type II q- vertex operators of A q and Ag la9 . The proof solely uses the defining 
relations of type I and type II q— vertex operators of U q (sl2)- 

Now, an explicit expression for the O q (sl2) currents such that all relations (|4.9[) or (|4.10j) are satisfied is required 
for completeness. To this end, recall that the currents admit certain realizations in terms of elements satisfying a 
Zamolodchikov-Faddeev algebra: adapting the results of [[BB2 , Proposition 3.2] one shows that all defining relations 
([3"3 ]) -(|3~% ]l are satisfied by (gTTTJ): 

C ^*a-^( C -i ) ^a-M) ( _ Cg) + r i g -i^>q-M) (c -i ) ^.(i-i.O ( _ Cg) 

\ > "'±\S) ~~ ' Qq 2 — C,~ 2 q~ 2 ' 

Z±(C) -+ (q + q- 1 )**£- i ' i HC 1 )**£~ iA (-C<l)- 

Indeed, type I and type II q— vertex operators of U q {sl2) satisfy the Zamolodchikov-Faddeev algebras (|6.20|) . (|6.2I[) . 
respectively (see |BB2j for details). Then, by straightforward calculations one checks that ()4. 12[) exactly reproduces 
(gini using PTT|) . A similar conclusion follows by substituting W±(C) -> W T (C), Z±(() -> ~Z T {C) in (gZiJ) and using 
(|4.I0[) . All these results confirm the proposal (|4.1f I) . 

5. ElGENSTATES OF O q (sl 2 ) CURRENTS AND DIAGONALIZATION 

In [Bas3 , two finite dimensional eigenbasis of A q were explicitely constructed, which unravealed a generalization 
of the property of tridiagonal pairs |Ter2j for all generators of A q : as described in IBK3], in a certain basis of the 
truncated finite vector space V W any generator of A q act as a block tridiagonal matrix. Clearly, this property extends 
to the generators of Ag 9 ■ Whether this property generalizes to infinite dimensional representations is an interesting 
question which goes beyond the scope of this article. However, based on the conjecture that the level one irreducible 
highest weight U q (sl2) representation indexed H' is embedded into the half-infinite vector space 'V using q— vertex 
operators [JKKKM] . for — 1 < q < it is possible to construct two eigenbasis of 9 (s^) currents. Using previous 
results, for the discussion below we focus on the spectral problem associated with the currents: 

Wf (C) , Z { 2 (0 : V(Ai) V(Ai) for i = 0, 1 

£ 2 q 2 — C~ 2 Q 2 

On one hand, consider the spectral problem 
(5.3) W i i\-C 1 q~ 1 )\B±)=\±(-C 1 q- 1 )\B ± ) for 2 = 0,1. 

Acting with g^zp^ -1 ) (or, alternatively g&±((~ 1 )) from the left on this equation and using the properties of q— vertex 
operators (see Appendix C), it yields to: 

(5-4) -^-^^ l \0\B + ) = g\ + (-C 1 q- 1 )^- l ' t) (C 1 )\B + ) , 



with 




(5.1) 




(5.2) 





c 2 - c- 2 



(5.5) _S__^-^( | fl _) = gX-i-C-'q-^-^'iC 1 )^-) . 

For each current, by straightforward calculations one finds the 'minimal' solution: 

(5.6) |S + )=e i?o |0) and \B_) = e aj2 e h |0> 
where 

F = -- [2n][n] a ~ n ~ ^ \2n\ ~ a ~ n With ° n = ^ f ° r " 6Ven ^° dd ^ ' 
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Accordingly, the spectrum reads: 

(5.7) A+(C) = A_(C) = -75-2 , , _ 7 s/ ,n _ 7N where 5{z) - 



9 CV - C-V 2 5(C- 2 q- 2 ) v/ (g 8 z 2 ;<? 8 )oc ' 

Remark 6. The eigenvector \B+) (resp. \B-) ) coincides exactly with |0) s|r->-o (resp. e a / 2 \l) B \r^oc) in [JKKKMWj . 
^4iso ; i/ie eigenvectors \B±) do not depend on the index i = 0,1. As a consequence, W± (C)|-B±) = W± (C)l^±)- 

More generally, two families of eigenstates of W± (C) can be constructed using the properties of type II q— vertex 
operators: starting from |-B±), for any i = 0, 1 the commutation relations (|6.22[) imply: 

(5.8) wi i VrV 1 )^ja)---^ m (Uis±) = A ± (-c-v-^ei,-.-,c m )*; 1 (6)---^ m (^)|s ± ) 

with 

m 

A±(C;a,-,U = n r (C/^MC^)A±(C) • 

The action of other currents for any i = 0, 1 immediately follows: 

^Vc-V^te)-..^^)!^} = 



Having explicit expressions for W ± (C) currents' eigenstates, following |BK3j we now turn to the diagonalization of 



the Hamiltonian (|3.ip in the massive regime —1 < q < within Onsager's approach. In Section 2, we have introduced 
the corresponding transfer matrix in terms of the generating function of all mutually commuting quantities (|3.1ip 
that form the so-called q— Dolan-Grady hierarchy, by analogy with the finite size case. According to (|3.3p - (|3.8p . the 
commutation and invcrtibility relations of the q— vertex operators (see Appendix C) and (|5.ip . (|5.2p , observe that the 
following relations are satisfied: 

[T w (C),T (i) (0] = , i {l \0 = .(-<zC 2 )x (?) (-C V 1 ) , g(C 2 - C 2 )2: (i) (C)lc=i = e + + e_ , 



fW^Vt=M^-1\ _ / , \2 , ,s s-U2 (C 2 ~C 2 ) 2 

(q-q- 1 ) 2 



g 2 (C 2 CrT 'm 'iC 1 ) = (e + + O 2 + (C - C 1 ) 2 e + e_ - ? "_' M- 



As a consequence, the following contraints on the normalization factor in terms of the boundary parameters follow: 

p(0 1 (c 2 -r 2 ) 



(5.9) 



pi-q-^C 1 ) K(-qe)(q 2 C-q- 2 C- 2 ) ' 

PiOpic 1 ) = ( e+ + e _) 2 + (c - r 1 ) 3 ^- - f fc + fc. 



p(l) = e++e_. 

Note that if one writes (|2.7p solely in terms of g— vertex operators, one recovers exactly the transfer matrix proposed 
in [[JKKKMW], eq. (2.13)]. In this case, the scalar solution (|2.4p of the reflection equation associated with the right 
boundary can be explicitcly exhibited. 

We are now in position to study the spectral problem associated with p. lip for any choice of boundary parameters 
e±,k±. In the present article, for simplicity we will focus on two special cases: first, we will study the case of diagonal 
boundary conditions e± 7^ 0, k± = 0: it has been considered in details in the literature jJKKKM] and will serve as a 
check of the approach here presented. Then, we will consider the case of upper (e± 7^ 0, k + 7^ 0, fc_ = 0) or lower 
{e± 7^ 0, k— =/= 0, k+ = 0) non-diagonal boundary conditions: the results here obtained can be compared with the 
known ones obtained within the Bethe ansatz approach jBCRSj . Note that the explicit expression for the vacuum 
vectors for upper or lower non-diagonal boundary conditions allows to derive an integral representation for correlation 
fonctions, following |DF JMN l 1JKKKM] . This will be considered elsewhere. 



THE HALF-INFINITE XXZ CHAIN IN ONSAGER'S APPROACH 



15 



5.1. The diagonal case revisited. For diagonal boundary conditions k± = and e± ^ 0, define v 2 = r = — e+/e_. 
By straightforward calculations, the solution to the constraints (|5.9[) that is compatible with the action of the 
q— vertex operator^ is given by: 

(5-10) , (0 . (Ce _ +C -> t+) «|gV> 
where 

-/ \ {q i rz- 1 q i ) 00 (q 6 z 2 ;q 8 ) 00 
<P{z;r) = — — - and 5{z) ~ 



(q 2 rz;q 4 ) O0 (q 8 z 2 ;q s ) oa 
u\ 

Now, starting from the eigenstates \B±) of W ± (£) defined by (|5.6p . we are looking for the vacuum vectors of the 
transfer matrix (|3.12p for k± = . 

First vacuum vector \0)b- Define 



oo 



\0) B = efW\B + ) where f(v) = - £ g/^V" . 
The action of the q— vertex operators on the exponential term is such that: 

$a-M) (c)e /w = ^ r y)e/{.)$(Hi) (()) 

$ (l-M) (C)e /H = ^ (r 2. u 2 ) ^ (1 _ l; 2 r 2 ) e /W$f-*.0( C ) +t ,2 (1 _ g 2 )C -l e /W $ {l-<,0 (C)a .-J 

where we introduced the Drinfeld's generator 



Ci 27ri 



X~(w) . 



Using (|5.4[) . (|5.5p and noticing that = by straightforward calculations, one derives 

(5.H) ^ 0) (C) eW\B + ) = ^(C 1 ) e^\B + ) , 

(l-^C ) <nC MC ) 

Note that this result is in agreement with QKKKMW , although the notations here differ. As a consequence, the 
action of the currents on the state \0)b is given by: 

vnCV) \5 (C — C )(i-< ) i-< 2 



¥>(CV) Vs(C 2 -C- 2 )(i-< 2 ) i-< 2 

where the notation (p(z;r) = S(z)(p(z;r) has been introduced to fit with [JKKKMWj. Combining both expressions 
together according to p.llj) . the off-diagonal contribution cancels. Using (|5.10[) , in agreement with [JKKKMW] one 
finds: 



(5.13) « (O) (C)|fc±=o|0>fl = 1 



IB ■ 



Second vacuum vector |l)s: Similar analysis can be done for the second eigenstate, denoted |l)s in [JKKKMW . 
Define 

\l) B = e-K-«~ lv ^\B-) . 



^Indeed, another solution to 115.911 may be considered. 
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By straightforward calculations, one finds that 

(5.14) *?•»«) e-«-«-''-')|B_) = A(C;^) P||^p ^'"(r 1 ) 6-«-«-'-')|B.) , 

(5.15, *r>(o e -'<--'.->| B _) . A(c;^) ( f;g/ ( g^ff; 2) ♦no .-«--->i*-> 



where 



The action of the currents WjT' (— <? _1 C _1 ) on follows, which leads to 

t (1) (C)U ± =o|l>B = A(C;r) |1) B • 
in agreement with .IK K . Finally, according to the observation that (see Appendix C and (|4.f 21) ) : 

more general eigenstates of the transfer matrix are generated using type II q— vertex operators. In agreement with 
| JKKKMj . it follows: 

m 

i W (C)| fe± =o KA^-KJ^Mb = A«(C;r)IP(C/£i)r(C&) *^ (U)|*>b ■ 

3=1 

where A(°)(C;r) = 1 and AW(C;r) = A(C;r). From ([3l2]) . the energy levels are derived and expressed in terms of 
Jacobi elliptic functions |JKKKM] . 



5.2. Upper or lower non-diagonal boundary conditions. Let us consider the Hamiltonian (|3.1[) with upper 
non-diagonal boundary conditions e± 7^ 0,fc + 7^ and k_ = 0, keeping above parametrization v 2 = r = — e + /e_. 
Clearly, in this case the solution p(Q is also given by (|5.10[) as the product of non-diagonal parameters fc + fc_ vanishes. 
According to the results of Section 3, let us consider by analogy with (|3.17|) the following operators: 

(5.16) w = k' + q~ 1 e 1 q- hl + k'_fi and Wi = k'lq- 1 e q- ho + k'^fo , 

where the parameters k'±,k± are not determined yet. Their action on type I q— vertex operators are deduced from 
dH3J). Now, define: 

— (±) — 1 1 — (±) — 1 

w = w |fc^ = o and = wi| fe »= . 

By straightforward calculation, it follows: 

<f-(C)(w +) )" - q n (w +) )"<&_ (C) , 

$+(0(w +) )" = q-^4 +} r^ + (o + Kc[n}M +) ) n ^-(o , 

MC)04 _) ) n = 9"(^ ) ) n $-(C) + fc-r 1 N 9 (w - ) )"- 1 $ + (C) , 

Mcxw^r = 9 -"(w - ) )"$ +(c) 

and similarly for w£ , provided the substitutions — > , k'± — > fc± and £ — > ( _1 in above commutation relations. 
According to (|5.11|) . (|5. 12|) . ()5.14|) . ()5. 15|) . let us consider the following combinations: 

00 „n(n-l)/2 00 -n(n-l)/2 

(5.17) l+;0) = E f i , (wi +) )"|0)B and [+; 1) = ]T 1 (w +) )"|1)b . 

n=0 ^ n=0 [Tl W- 
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Acting with type I q— vertex operators, it is easy to show that: 

v(C 2 



(5.18) ^ 0) (C)|+;0) = ^^^(c-^l+so) 



(5.19) *™(C)|+;0) = (^^r'r 1 ) -^^^^(C- 1 )) l+;0) 

and 

(5.20) |+;1) = A(C;, 2 )^p^ ^(C" 1 ) |+;1) , 

¥>(C > r ) 

(5.21, ♦r(oi + a>-«<^^ (#^r«-> -^ 'T^ 2) 

By analogy with the case of diagonal boundary conditions, it is straigthforward to derive the action of the conserved 
currents (|3.11[) for k- — on above states. Appart from terms that already appeared in the case of diagonal boundary 

conditions, the structure of the states |+; i) generates an additional contribution associated with the currents VV± (C) 

u\ 

which mixes with the one associated with Z + (£), i = 0, 1. Assuming that |+; i) are eigenstates of (|3.11|l for fc_ = 
determines uniquely the choice of parameters k', , k'L . Namely, 

X (0) (C)| fe ^o| + ;0) = A(o)(C 2 ,r)4^if±^±^| + ;0) , 

<aCV) g{( 2 - C 2 ) 
t=(i)/,n, I , ,\ a (1)^2 ^(C~V) ( e +C -1 + e -C) | , 1X 

x (g s : -=o +; 1 ) = A C ,r) , 2 r — 772 — 7Z2X- +; 1 ) 



for 



(5.22) k'l= — ^ and fc^ 



g - e_ g - 9 1 



Although the vacuum vectors (|5.17[) with (|5.22[) are more complicated than in the diagonal case, the spectrum of the 
transfer matrix is clearly unchanged, as already pointed out in |BCRSj (see also jMMRj ) within the Bethe ansatz 
framework. Having identified the vacuum vectors, excited states follow using the action of type II q— vertex operators. 



For completeness, let us finally describe the vacuum eigenstates of the Hamiltonian (|3.1[) for lower non-diagonal 
boundary conditions e± 7^ 0, fc_ 7^ and k + = 0. They are given by: 

~ -n(n-l)/a ff Ti(n-l)/a 

(5.23) |-;0) = Y, f i , (w^^lO)^ and |-; 1) = £ g r 1 , (W^)"|1) B 

n=0 n=0 

where 

(5.24) r= l —r— and fc^ = 



Note that the vacuum vectors (|5 . 1 7[) with (|5.22[) and (|5 . 23[) with (|5.24[) are power series in k + and fc_, respectively. 
For the special case fc+ = in (|5 . 1 T[) (or fc_ = in ((5T23J) ) , all terms in the series disappear except the term n = 0, in 
which case the vacuum vectors reduce to the ones associated with diagonal boundary conditions k± = 0. 



6. Comments and perspectives 

In the present article, the research program initiated in [BasL Bas2] and further explored in |BK1[ |BK 2, BK3] has 
been applied to the thermodynamic limit of the XXZ open spin chain with general integrablc boundary conditions. It 
has been shown that the formulation of the finite size case of |BK3j - here completed for diagonal boundary conditions 
- can be directly extended to the infinite limit. In this approach, the new current algebra introduced in |BShj plays 
a central role: the diagonalisation of the transfer matrix is reduced to the study of the representation theory of the 
current algebra O q {sl2). For —1 < q < 0, explicit realizations of the currents in terms of U q (sl2) q— vertex operators 
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have been obtained, confirming independently the proposal of |BB2j . Also, certain properties reminiscent of the finite 
size case - for instance, the existence of two 'dual' families of eigenstates - have been exhibited. For diagonal boundary 
conditions, the spectrum and eigenstates have been described in details within the new framework, providing a fresh 
look at the known results in |JKKKM] . For upper or lower non-diagonal boundary, the eigenstates are also generated 
starting from the currents' eigenstates through the action of Chevalley elements of Uq^sl?). 

For generic boundary conditions, the spectral problem could be considered along the same line: equations extending 
(I5.18[) - (|5.21j) are then considered, where, roughly speaking, the eigenstates are such that an additional term is generated 
in the r.h.s. of (|5.18|) and (|5.20[) . Actually, in view of the fact that the elements (|5.16l) generate a q— Onsager algebra, 
according to the intertwining relations of the form (|4.2|) it is thus natural to construct the eigenstates of (|3.1j) using 
linearly independent monomials in wo , wi . Namely, understanding further the construction of a Poincarc-Birkhoff- 
Witt basis of the q— Onsager algebra is highly desirable. In this direction, for certain reasons that will not be detailed 
here, the results of |BB3j then suggest to consider the following combinations of 'descendents' acting on the 'diagonal' 
vacuum vectors: 

(6-1) W^ 1 ...WX^ 1 Vi---^ + iW^ + r--W i T + iK)s 

where {oij, /3j,kj,lj,rj} G Z + and the ordering; k± < ... < kx] l\ < ... < Im] Pi < ••• < Pp is chosen. We intend to 
study this problem separately. 

As the reader noticed, the long standing question of the non-Abelian symmetry of the Hamiltonian (|3.1j) has not 
been riscd up to now although it played a central role in the initial development of the vertex operator program 
[DF JM N , JKKKM]: in the case of the infinite XXZ spin chain, recall that the U q (sl 2 ) algebra emerges as a non- 
Abelian symmetry of the Hamiltonian |FMj . For generic non-diagonal or diagonal boundary conditions, following 
|FM[ [Jrj it is easy to show that a similar phenomena occurs in the thermodynamic limit of the open spin chain. Let 
Hi xxz = Hq + /if, where Hq and /if, denote the bulk and boundary contributions in the Hamiltonian (|3.ip for e± =/= 0, 
&± =/= 0, respectively. By straightforward calculations one finds: 

A similar analysis can be done for W^ 00 ^. Combining both expressions, one finally shows that the Hamiltonian (|3.1[) 
is commuting with these operators: 

(6.2) [H hxxz ,a]=0, aeiW^M^}- 

Similarly, for the case of generic diagonal boundary conditions, in the thermodynamic limit N — > oo by straightfor- 
ward calculations one finds that the contributions coming from the commutator of the bulk and boundary terms of 
the Hamiltonian with the fundamental elements of Aq la3 cancel each other: 

(6.3) [ H f x g x Z > a ] = > ae {4 00) ^i° 0) ^i 00) 1 ^ 00) } ■ 

According to these results, we then conclude that the q— Onsager and augmented q— Onsager algebras with defining 
relations (|2~16| and (|2~18| emerge as the non-Abelian symmetry of the Hamiltonian p.lj) for generic non-diagonal and 
diagonal boundary conditions (k± — 0), respectively. Despite of the fact that this property played no role in previous 
analysis, it has not been observed previously in the literature, to our knowledge. 

Besides, we would like to make a few comments. In |PS| . recall that common algebraic structures were exhibited 
between certain finite lattice models and conformal field theories. For instance, it was shown that the Hamiltonian of 
the XXZ open spin chain can be understood as the discrete analog of the Virasoro generator Lq. In this picture, the 
Temperley-Lieb algebra and the Virasoro algebra share similar properties. For instance, consider the Hamiltonians 

(6- 4 ) H \XXZ = ~2<^V 1 1+ 2 °2+ Act 3 a 3 ) ± 4 CT 3 

fc=l 

which can be obtained as the thermodynamic limit of the U q (sh)— symmetric XXZ open spin chain. As described 
in [PSj . the special value of the boundary field (compared with (|3.1[) ) plays a very singular role: for the deformation 
parameter q — cxp(in / fi(fi + 1)), fi ^ Q, the central charge of the Virasoro algebra associated with was 
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identified with c = 1 — 6//i(/z + 1) and the Hamiltonian's spectrum was expressed in terms of conformal dimensions. 
In light of previous results, for the special class of diagonal boundary conditions (+) (resp. (— )) associated with 
e + = 0, e_ 7^ (resp. e_ = 0, e + ^ 0) some remarkable properties are then expected. Indeed, according to the analysis 
above, the vacuum vector of the Hamiltonian h\^ xz (resp. H±x xz ) is given by \B + ) (resp. \B-)). In other words, 
the spectrum of the Hamiltonians f|6 .4[) is classified according to the eigenvalues of the fundamental generators of the 
augmented q— Onsager algebra. Moreover, it is worth mentioning that the realizations of the O q {sl2) currents in terms 
of type II g—vertex operators such as (|4.12[) share some analogy with currents arising in the study of the q— deformed 
Virasoro algebra jLPj or currents exihibited in the context of conformal field theory |Kauj . In view of this, a relation 
between the representation theory of 9 (s^) and the q— Virasoro algebra may be investigated. 

Finally, let us mention that the formulation (|3.12j) can be applied to other integrable models directly, for instance the 
XXZ open chain with higher spins or alternating spins. In these cases, the results of IIJMNT have to be considered. 
More generally, it can be extended to models with higher symmetries (see e.g. jBRj ) in which case generalizations 
of the current algebra (|3.3[) - ()3.8[) are needed. A first step in this direction has been passed in |BB1[ IKolj . where 
generalizations of the q— Onsager algebra and twisted q— Yangians [ MRS] have been proposed (for some applications, 
see |BF| ). In this picture, the problem of the diagonalization of the transfer matrix generalizing (|3.12[) with (|3 . 11 1) relies 
on a better understanding of the representation theory associated with certain coideal subalgebras of U q (<?) . Another 
interesting direction, obviously inspired by the conformal field theory program, concerns the family of q— difference 
equations for the correlation functions in Onsager's picture. We intend to discuss some of these problems elsewhere. 

Acknowledgements: P.B. thanks T. Kojima for discussions. S.B. thanks N. Crampe for discussions and also the 
LMPT for hospitality, where part of this work has been done. 
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APPENDIX A: Generators of the infinite dimensional algebras A q and A d q %acj 

• Elements generating A q : For generic values of the parameters e±, k± ^ and N £ N, the elements 
W_fc, Wfe + i, Gfc+i, Gfc+i (4iV in total) act on N— tensor product (evaluation) representations of U q (sl2), and depend 
solely on the N— parameters and spin— for k = 1,...,N. Define w^^ = q 2 ^ k+1 + q^ 2 ^^ 1 . According to the 
ordering of the vector spaces 

(6.5) V (JV) = Vat ® • • • ® V 2 ® Vi , 

they act as [BK2] (see also [BKl] ): 

w w = - (g + f V'') s w r i} - ffi + w^t? + ^^|^ww +1 
-k (q + q) (q + q^ 1 ) + (q + q^ 1 ) 2 + 

il-^ 1 ) ( u ...._l/2o ^^r-(JV-l) , ,. ..-1.-1/2 o ~»s ® g^" 1 ^ 



k + k-{q + q) 2 

+ 9 2S3 ®w (w r 1) 



(fc+ W /2 S+«Z S3 ® Gf " 1} + k-v^q-^S- 



(g + g- 1 ) ~ fc+1 (g + g -1 ) (g + g -1 ) 2 



k+k-iq + q- 1 )' 

,(N- 
J k+1 



q- 2s " (g>\N[ N - 1) 



Gffi = t + ( ( r + P) 52 ^ 6r x) - (<g2s3 + ^ 2g " a ' 3) ^ cf ~ i} + j ^ Gi ^ i} 

+ (q q- 1 ) (k-Vvq-^S-q** ® (W^ - Wj^) + L^^^f' 3 ® (wj^ - W^)) 
(g + g- 1 ) 2 k ' 

-(iV) _ fc + (g - g- 1 ) 2 2 1 2 3 „ 3 2s -(iV-1) -(iV-1) 

- XT^+g-^y + k (g + g -1 ) + v n<1 l^^k + M <&^k+i 

+ (q q- 1 ) (k + v- N V /2 S + q s * ® (W^ - \A/f + k + v N q-^S + q^ ® (W^ 1 ) - W3t?)) 



(6 ' 6) + (g + g"*) 2 Gfe 



where, for the special case k = we identify^ 

CR7^ \A/W| -0 \A/W I -n fW| -f W l - fc+fc-(g + g -1 ) 2 W 

(6.7) W fc |fe=0 = , VV_ fc+1 |/c=o = U , G fc |fc=o — t^fe |k=0 = ^ _ ^ v ■ 

In addition, one has the "initial" c— number conditions 

(6.8) W<, 0) = e W , W<°> = e<_°> and G< 0) = g[ 0) = ef eL 0) (g - q' 1 ) . 

• Elements generating A q ta9 : All expressions below are derived from above expressions, through the substitu- 
tions: 



^Although the notation is ambiguous, the reader must keep in mind that wj^lj—n 7^ W^'|j. = o >V\A^, jJfc = o ^ w£^T^ |fe=o f° r an y N. 
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and then setting k± = 0. It yields to: 

K W = U JN) - (g + g^V ) g Kf -1) _ (4 + V) j ^ K (AT-1) + « + K W 

-fc (g + g- 1 ) fe Oz + g" 1 ) " fc+1 (<? + g -1 ) 2 " fc+1 

^ (g'T 1 ) ^gi/a c 7(^-D _l ..-i„-i/a c .-a ? {N ~^ 



(q + q- 1 ) 2 



K fc+1 - (g + g-i) ® - fe+1 ~ (g + g- 1 ) + {q + q^f ^ k 



v N q ^S+q^ ®Z\ N ~ 1] +v N q 1 ' 2 S-q-^ ) + 9"^ ® K fc+1 



(g + ep 1 ) 2 

(JV) _ (g-9' 1 ) 2 Q 2 ~ 7(^-1) 1 ,2 Q., , „-2„-2^ ~ 7 (JV-1) , _ _ 7 (iV-l) 



Z fe+i ~~ (q + q- 1 ) S ~ ® Zfc 



+(3 - T 1 ) (W 1/2 S-g S3 g, (K^ 1 ) - Kf" 1 )) + v^S-q— (Ki^ 1} - K^)) 



_7 V 

1\2 fc 



(g + T 1 ) 

~ W _ (g - g- 1 ) 2 2 (JV _ 1} 1 , 2 , 3 2 , ^(iV-i) ^(iV-i) 

fe +! ~ ( g + q -i) + ® k (g + q-iy Nq +v n1 ) ® <-k + M & L k+i 



+(q - q- 1 ) (v^q 1/2 S+q S3 ® (K<* _1) - Kf " X) ) + vjvg-Va^g-a ® (K 



(iv-i) _ K (N-iy 
fc+i -fc+i , 



(6-9) + (? + g _ 1)2 Zfc ■ 

As before, we identify^ 

(6.10) Kfl^EO, K%| m e0, zf)|, = oEO, Z ( k N) \ k=0 ^0 
together with the "initial" c— number conditions 

(6.11) K< 0) = e + , Ki 0) ^ £ _ and Z< 0) = if = . 

• Application to the homogeneous XXZ open spin-i chain: For generic non-diagonal k± ^ or diago- 
nal k± = boundary conditions, the generators of the infinite dimensional algebras A q or A d ^ aa are simply given, 
respectively, by: 

or 

(6.12) C» ee (®r =1 ^))[ Z W]| Wfc=1 , ZCJO s « =l7 r(D)[z!2] k=1 
for Z G 0, N — 1. Here we considered the two-dimensional representation tt' 1 / 2 ) given by: 

(6.13) 7r (1/2) [5±]=o-± and ^/ 2 > [s 3 ] - cr 3 /2 . 



Remind that K^ J | fc=0 ^ K^| fc=0 ,K^ +1 | fc=0 7^ K™| M for any AT. 
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APPENDIX B: Drinfeld-Jimbo presentation of U q {sl 2 ) 



Define the extended Cartan matrix {a,j} (an = 2, a^- = —2 for i =/= j). The quantum affine algebra U q (sl 2 ) is generated 
by the elements {hj,ej, fj}, j <G {0, 1} which satisfy the defining relations 



[hi,fj 



~ a ijfj 



[ e i i fj 



q-q- 1 



[hi, hj] = , [fk,ej] = a^ej , 
together with the q— Serre relations 

(6-14) [e h [e i} [ei, ej] q ] q -i] = , and [f h [f h [f h fj] q ] q - 

The sum C — ho + hi is the central element of the algebra. The Hopf algebra structure is ensured by the existence of 
a comultiplication A : U q (sl 2 ) n- U q (sl 2 ) ® U q (sl 2 ), antipodc S : U q (sl 2 ) H- U q (sl 2 ) and a counit £ : U q (sl 2 ) n- C with 







(6.15) 



and 



5(e0 



A(ei) = ei®l + q 11 ' OS e, , 
A(/ii) = /i,- <g) 1 + 1 g) hi , 

S(fi) = -f*q h < , S(hi) = -h, 



5(1) = 1 



£ (e^ = 8{Ji) = £{hi) = , £(1) = 1. 
Note that the opposite coproduct A' can be similarly defined with A' = a o A where the permutation map <j(x®y) ■ 
y ® x for all x, y £ U q (sl 2 ) is used. 

The (evaluation in the principal gradation) endomorphism ir^ : U q (sl 2 ) i— > End(V^) is chosen such that (V = C 2 ) 

7r c [/i]=r^- , 7T C [/ ] = CV + , 

(6.16) ^[9' ll ] = 9 ff3 . Tc[9 ho ]=9- <r3 , 
in terms of the Pauli matrices <j± , 03 : 

1 


The R— matrix here considered is the solution of the intertwining equation: 

^(Ci/COfai ® A{x) = (tt Ci ® ^< 2 ) (a o A(a;))i?(Ci/C2) • 
According to above definitions and up to an overall scalar factor, in the principal picture it reads: 

°\ 

n 

(6.17) R(C) 





' 






' 1 \ 


»- = ( 




J ' 


0-3 = 


. -1 J 



where the scalar factor 



(6.18) 



«(0 = c 



1 

^(0 



(9 4 C 2 ;? 4 )oo(g 2 r 2 ;g 4 )c 



/ 1 














(i 


-C 2 h 


(1 


-9 2 )C 


1- 




1- 


-«v 





(i 


-Q 2 )C 


(1 


-C 2 )9 


1- 


-q 2 C 


1- 


-<? 2 C 2 


V 
















1 / 



(q 4 (- 2 ;q 4 )eo(q 2 ( 2 ;q 4 )oo ' 
is chosen to ensure unitarity and crossing symmetry of the R— matrix: 
(6.19) RiORiC 1 ) = 



(z;p) 00 =U(l-zp n ) 



n=0 
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APPENDIX C: The q- Vertex operators of U q {sl 2 ) 
The so-called type I and type II q— vertex operators satisfy the commutation relations: 

(6.20) *« 2 (Ca)* ei (Ci) = E ^(Ci/Ca^CCi)*^) , 

(6.21) *;. ; (Ci)^(c 2 ) = -£ ^^(Ci^^^^cci) , 

(6.22) $ e (Ci)^(C 2 ) = r(Ci/C 2 )*;(C2)<i> e (Ci) • 
Here 

r(C) = C x -^r~~rhr\ ' e p( 2 ) = ( z ;p)oo(pz~ 1 ;p)o (p;p) 00 ■ 

© g *(<7C ) 

Define $*(C) = <&— e ( — Q — ^^C)- The type I vertex operators satisfy the invertibility relations 

(6.23) .9 5>:(c)$ e (c) = id, ff* ei (c)*: 3 (o = * eiea id with 5 = 

Type I and type II g— vertex operators admit a bosonic realization |DF JMN] . For i = 0, 1, consider the bosonic 
Fock space 

K (l) -C[o_ 1 ,a_ 2 ,..-]®(©„ £Z C e Ai+m ) 
where the commutation relations of a n are given by 



[a m ,a n ] = 5 m+nfi , with m,n^0 and [n] - 

m q — q 1 

Define [d, a] = 2, [d, Ao] = and Ai = Ao + a/2. The highest weight vector of H"' is given by |z) = 1 <£> e Ai and the 
operators e 13 , z d act as 

e P. e -< = eP+t, z Q .ei = z^e 7 . 
The bosonic realization for the type I and type II q— vertex operators reads |DF JMN] : 
(6.24) *<_ 1_M) (C) = e p( ^e^ ®e a ^(~q 3 C 2 ) {d+l)/2 C\ 

Jc\ 2tti q(w - q 2 Q z ){w - q^C) 

(6.25) 

(6.26) $*(1-M) = e -P( ) - 1 (') e -«K ! ) 8e -<./2(_ (! 3 c 2 ) (-9+i)/2 ( l-i ] 

(6.27) n (1 " M) (o - / fe , q l% q2)c ^ v^wn*) , 

/c 2 2tti (io - q^Q ){w - q^C) 



where 



(6.28) X±( 



fl ± (z) p S ± (z) ,0. p ±a+d 



z = e v 'e y ' e z 



OO OC 



5n/2^- 



n— 1 ^ ^ n— 1 ^ J 



7 =F"/2 z -n 



The integration contours encircle w = in such a way that 

Ci : g 4 £ 2 is inside and q 2 ( 2 is outside, 
C2 : <? 4 C 2 i s outside and g 2 £ 2 is inside. 
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